THE ANNUAL MEETING OF THE SOCIETY. 


THE TWENTY-FIFTH ANNUAL MEETING OF THE 
AMERICAN MATHEMATICAL SOCIETY. 


Tue twenty-fifth annual meeting of the Society was held in 
Chicago on Friday and Saturday, December 27-28, 1918. 
The attendance included the following sixty members: 

Professor R. C. Archibald, Professor C. S. Atchison, Pro- 
fessor R. P. Baker, Captain A. A. Bennett, Professor H. F. 
Blichfeldt, Dr. H. Blumberg, Professor J. W. Bradshaw, Pro- 
fessor H. T. Burgess, Professor W. D. Cairns, Professor J. A. 
Caparo, Professor R. D. Carmichael, Professor H. E. Cobb, 
Professor A. B. Coble, Professor C. E. Comstock, Mr. H. W. 
Curjel, Professor D. R. Curtiss, Professor L. E. Dickson, Pro- 
fessor E. L. Dodd, Mr. E. B. Escott, Professor W. B. Ford, 
Professor Tomlinson Fort, Professor O. E. Glenn, Miss A. B. 
Gould, Dr. J. O. Hassler, Professor Olive C. Hazlett, Professor 
T. H. Hildebrandt, Professor L. C. Karpinski, Professor A. M. 
Kenyon, Professor K. Laves, Professor S. Lefschetz, Professor 
A. C. Lunn, Professor Gertrude I. McCain, Professor M. 
MeNeill, Professor W. D. MacMillan, Professor Bessie I. 
Miller, Professor G. A. Miller, Professor C. N. Moore, Pro- 
fessor E. H. Moore, Mr. E. E. Moots, Professor E. J. Moul- 
ton, Professor S. E. Rasor, Professor H. L. Rietz, Professor W. 
J. Risley, Professor W. H. Roever, Miss Ida M. Schottenfels, 
Dr. A. R. Schweitzer, Professor J. B. Shaw, Professor E. B. 
Skinner, Professor H. E. Slaught, Professor G. W. Smith, 
Professor E. B. Stouffer, Professor E. J. Townsend, Professor 
J. N. Van der Vries, Professor E. B. Van Vleck, Professor 
L. G. Weld, Professor E. J. Wilczynski, Dr. C. E. Wilder, 
Professor F. B. Wiley, Professor R. E. Wilson, Professor C. 
H. Yeaton. 

At the first session, held Friday afternoon, with Professor 
Curtiss in the chair, President L. E. Dickson presented his 
retiring address on “ Mathematics in War Perspective.” Fol- 
lowing this address there was a joint session of the Society 
with the Mathematical Association of America at which Pres- 
ident Dickson presided. The programme at this session was 
devoted to mathematical problems in connection with the 
war. The following papers were presented: 

(1) Captain A. A. BENNETT: “Some mathematical features 
of ballistics.” 
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(2) Professor Kurt Laves: “How the map problem was 
met in the war.” 

(3) Miss Atice B. Goutp: “ Notes concerning recent books 
on navigation.” 

(4) Professor H. L. Rretz: “Statistics methods for prepara- 
tion for war department service.” 

(5) Major W. D. MacMrtian: “Ordnance problems.” 

(6) Lieutenant P. L. Atcrr: “ Practical exterior ballistics.” 

(7) Professor W. H. Rorver: “The effect of the earth’s 
rotation and curvature on the path of a projectile.” 

(8) Professor H. F. Buicnretpt: “On low velocity high 
angle fire.” 

Brief accounts of these papers will be published in the report 
of the meeting by the Secretary of the Association in the 
American Mathematical Monthly. 

On Friday evening the two organizations held a joint dinner 
at the Quadrangle Club, attended by sixty-eight members 
and friends. 

At the session of the Society on Saturday, President Dick- 
son presided in the morning and Professor Curtiss in the after- 
noon. The Council, which met Saturday morning, made the 
following announcements: There was one election to member- 
ship in the Society, Mr. V. S. Mallory, graduate student at 
Columbia University; and eight new applications for member- 
ship were received. The Treasurer’s report was accepted, 
having been examined by the auditing committee. It shows 
a balance of $9,965.28, including the life membership fund of 
$6,843.46. On recommendation of the committee appointed 
to arrange for a summer meeting and colloquium at Chicago 
in 1919, it was voted to postpone that meeting for one year. 
The usual summer meeting, without colloquium, will be held 
in 1919 at a place to be determined. 

At the annual election which closed Saturday noon, there 
were one hundred and fifty-nine votes cast. The following 
officers and other members of the Council were chosen: 


President, Professor FRANK MORLEY. 


Vice-Presidents, Professor G. D. BrrKnorr, 
Professor FLor1AN CaJORI. 


Secretary, Professor F. N. Co.e. 
Treasurer, Professor J. H. TANNER. 
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Librarian, Professor D. E. Smrru. 


Committee of Publication, 


Professor F. N. Coie, 
Professor Vinci, SNYDER, 
Professor J. W. Youne. 


Members of the Council to serve until December, 1921, 


Professor H. E. Hawxes, Professor A. C. Lunn, 
Professor W. A. Hurwitz, Professor C. N. Moore. 


The following papers were presented at the Saturday ses- 
sions: 

(1) Professor W. B. Forp, “The sum of any series expressed 
as a definite integral with application to analytic continua- 
tion.” 

(2) Professor Harris Hancock: “On the foundations of 
the elliptic functions.” 

(3) Professor E. L. Dopp: “A comparison of the median 
and the arithmetic mean of measurements for various laws of 
error.” 

(4) Professor DanreL Bucuanan: “ Asymptotic orbits near 
the straight line equilibrium points in the problem of three 
finite bodies.” 

(5) Professor G. A. MrtiErR: “Groups containing a small 
number of sets of conjugate operators.” 

(6) Professor OttvE C. Haziett: “A theorem on modular 
covariants.” 

(7) Mr. Wayne SEnseEntie: “Concerning the covariant the- 
ory of involutions of conics.” 

(8) Professor C. H. Stsam: “On surfaces containing two 
pencils of cubic curves.” 

(9) Professor E. B. Srourrer: “On singular ruled surfaces 
in S5.” 

(10) Dr. Henry BiumBere: “A property of linear point 
sets.” 

(11) Professor E. J. Witczynsxi: “An application of line 
geometry to the theory of functions” (preliminary communi- 
cation). 

(12) Professor C. N. Moore: “On the integro-derivative 
and some of its applications.” 

(13) Dr. I. A. Barnett: “ Differential equations with a con- 
tinuous infinitude of variables.” 
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(14) Dr. Barnett: “Linear integro-differential equations 
with constant kernels.” 

(15) Dr. A. R. Scuwerrzer: “On iterative functional equa- 
tions of the distributive type.” 

(16) Professor R. P. Baker: “ Valuation of railroad ties.” 

(17) Professor Baker: “ Asymptotic forms in probability.” 

(18) Professor Harris Hancock: “ Rational and integral ex- 
pressions for the roots of the biquadratic.” 

(19) Professor ARNOLD Emcu: “On a ceftain class of ra- 
tional ruled surfaces.” 

(20) Dr. W. G. Smion: “Two formulas of interpolation in 
two variables.” 

(21) Professor J. B. SHaw: “On triply orthogonal congru- 
ences.” 

(22) Professor S. Lerscuetz: “Real folds of abelian vari- 
eties.” 

(23) Dr. T. H. Gronwatt: “On surfaces of constant curva- 
ture with an equation of the form u(x) + »(y) + w(z) = 0.” 

(24) Dr. Gronwa..: “A theorem on power series with ap- 
plication to conformal mapping.” 

(25) Dr. GronwaL..: “Equipotential minimal surfaces.” 

(26) Dr. Gronwa..: “On Kummer’s series.” 

(27) Professor P. J. Danretu: “Integrals in an infinite 
number of dimensions.” 

(28) Professor C. N. Moore: “Generalized limits in gen- 
eral analysis.” 

(29) Dr. A. R. Scuwerrzer: “On the iterative properties 
of an abstract group (fourth paper).” 

Mr. Sensenig was introduced by Professor Glenn, and Dr. 
Barnett by Professor Wilczynski. Professor Hancock’s sec- 
ond paper was read by Professor C. N. Moore. In the ab- 
sence of the authors, the papers by Professor Buchanan, Mr. 
Sensenig, Professor Sisam, Professor Emch, Dr. Simon, Dr. 
Gronwall, Professor Daniell, and the first paper by Professor 
Hancock were read by title. 

Abstracts of the papers follow below. The abstracts are 
numbered to correspond to the titles in the list above. 


1. By a method based on the calculus of residues, Professor 
Ford obtains an expression, in the form of a double improper 
integral, for the sum of any (convergent) series. When ap- 
plied in particular to a power series, this expression preserves 
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a meaning (in general) for values of the variable lying outside 
the circle of convergence and thus furnishes the analytic con- 
tinuation of the function defined by the series: The paper is 
related to a former paper of the author published in Liou- 
ville’s Journal in 1903. 


2. The differential equations through which sn u, cn u, dn u 
or Pu, VPu— e, Wu— Vu—es are defined may be 
put in the form of the differences of two logarithmic expres- 
sions. When integrated it may be shown that each of these 
expressions is a uniformly convergent power series. Thus in 
a direct and simple manner, without the introduction of aux- 
iliary functions such as the Al-functions introduced in this 
connection by Weierstrass, Professor Hancock shows that the 
above functions become quotients of power series which are 
in fact theta functions. 


3. Professor Dodd finds that with any symmetric law of 
error, the reliability of the median of measurements increases 
approximately as the square root of the number of measure- 
ments, whereas the reliability of the arithmetic mean may re- 
main constant, as in the case of the law 


e dz 

2?’ 
or even decrease. With certain non-Gaussian distributions, 
the median has a better chance than the arithmetic mean of 
lying close to the true value. 

The so-called probability curve is at best only a good first 
approximation,—Karl Pearson’s curves often give a much 
better fit. Instead of using a Chauvenet criterion to throw 
away measurements not conforming to this first approxima- 
tion, it would appear better to ascertain more closely the law 
of error for a given distribution—if the number of measure- 
ments is large enough—and to base upon this a choice of arith- 
metic mean, median, or other function of the measurements. 


4. It was shown by Lagrange that it is possible to start 
three finite bodies in such a way that they will describe simi- 
lar ellipses. There are two configurations of equilibrium 
which the three bodies will maintain, viz., they are either col- 


= 
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linear or lie at the vertices of an equilateral triangle. Pro- 
fessor Buchanan determines orbits which are asymptotic, in 
the sense of Poincaré, to the particular Lagrangian orbits 
which are described when the three bodies are collinear and 
move in complanar circles. 


5. The object of Professor Miller’s paper is to establish a 
few general theorems relating to the possible number of sets 
of conjugate operators in a group of a given order and to de- 
termine all the possible groups having a small number of com- 
plete sets of conjugate operators. When all the operators of 
a finite group G appear in k sets of conjugates the order of G 
cannot exceed the kth term diminished by unity in the series 


2, 3, 7, 43, 1807,... 


where each term after the first is obtained by multiplying 
together all the preceding terms and increasing by unity the 
product thus obtained. In particular, a necessary and suffi- 
cient condition that a discontinuous group is of finite order 
is that its operators appear in a finite number of sets of con- 
jugates under the group. 

There is one and only one simple group of composite order 
which has the property that all of its operators appear in 
exactly five complete sets of conjugates, viz., the icosohedral 
group. ‘The octic group, the quaternion group and the meta- 
cyclic group of order 20 are the only non-abelian groups whose 
operators appear in five complete sets of conjugates and whose 
commutator quotient group is of order 4. If all the operators 
besides the identity of a non-abelian group belong to two sets 
of conjugates under its group of isomorphisms, the order of 
this non-abelian group is either of the form p* or of the form 
p* — q, p and q being prime numbers. If a non-abelian group 
of order p* has the property that all of its operators besides the 
identity appear in three sets of conjugates under its group of 
isomorphisms, then its commutator subgroup is of order p*’. 


6. Professor Hazlett’s paper answers a question which Dr. 
Sanderson raised jin her thesis,* but did not answer. In her 
paper the fundamental theorem on the relation between for- 
mal and modular invariants for the GF[p"] enables us to con- 
struct modular covariants of a system S of binary forms in 


* Transactions Amer. Math. Society, vol. 14 (1913), p. 490. 
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x and y from modular invariants of the same system S in the 
variables — and 7 and an additional linear form in £ and 7 
with coefficients y and — x. This is closely analogous to the 
situation in the algebraic theory of invariants. In the latter 
theory the converse is known to be true—that is, we get all 
covariants in this manner. In the case of modular invariants, 
however, we do not obtain all covariants, for the universal 
covariant L = zy?” — yx" can not be obtained as an invari- 
ant of a linear form as it vanishes whenever x and y are in 
the GF[p"], as we suppose the coefficients of our forms to be. 
In the paper referred to above, the question was raised as to 
whether all the covariants of a system S can be expressed as 
functions of Z and the modular invariants of S and an addi- 
tional linear form. ‘The present paper proves that such is 
the case, and then, by induction, extends this theorem to a 
system of forms in n sets of binary variables which are trans- 
formed cogrediently. 


7. Mr. Sensenig’s paper contains the development and tab- 
ulation of the simultaneous concomitant set of the pencil of 
conics a,” + kb,”?, taken with the harmonic conic (a$x)*, the 
twenty forms being expressed as polynomials in k with co- 
efficients which are rational expressions in the twenty forms 
in the known system of a,? with b,7._ The set is given in general 
and also in normal form. The methods are those of general- 
ized ternary transvection, and reduction by symbolical iden- 
tities. There is derived in the paper, also, the complete sys- 
tem of a, + kb, taken with a third general conic c,”._ These 
forms are reduced in terms of sixty-one concomitants of 
az’, b,*, ce? from the system of three conics first derived by H. 
F. Baker. 

The paper is to appear in the American Journal of Mathe- 
matics. 


8. In a previous paper, Professor Sisam has determined 
the types of surfaces generated by an algebraic system of cubic 
curves which do not constitute a pencil. In the present paper 
he classifies and discusses the surfaces which contain two pen- 
cils of cubics, so that every type of algebraic surface with two 
or more cubic curves through each point is now determined. 
Each surface is represented birationally on as simple a surface 
as possible, the complete linear system to which the curves 
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corresponding to the plane or hyperplane sections belong is 
determined and a number of characteristic properties of the 
various types of surfaces are pointed out. 


9. By means of a system of three ordinary linear homoge- 
neous differential equations of the second order, Professor 
Stouffer studies the properties of singular ruled surfaces in 
space of five dimensions, including ruled surfaces in space of 
four dimensions. Only surfaces developable in the ordinary 
sense are excluded from the theory. The geometrical prop- 
erties of various curves on the surface are shown, the trans- 
versal surface is obtained, and some of the relations between a 
surface and its transversal surface are studied. 


10. Let S be any linear point set whatsoever. Let P bea 
point of S, z an interval enclosing P, 1; the length of 7, and 
m,(i, 8S) the exterior measure (Lebesgue) of the subset of S 
int. Defining the “exterior épaisseur” of S at P as the limit 
(if it exists) of m-.(i, S)/l; as 1; approaches 0, Dr. Blumberg 
proves that, except for a set of measure 0, the exterior épais- 
seur of S exists and is equal to 1 at every point Pof S. Asa 
consequence, every set may be represented as the sum of two 
sets, the first being of measure 0 and the second of exterior 
épaisseur 1 at every one of its points. 


11. Let w = u+ w= f(x + iy) = f(z) be a function of 
the complex variable z. Place the w plane in a position paral- 
lel to the z plane with the u and » axes parallel to the x and y 
axes respectively. The lines which join a point (z, y) of the 
z plane to the corresponding point (u,v) of the w plane form 
a congruence. This geometric image of a function w = f(z) 
has been proposed by several authors, but so far no general 
results seem to have been obtained by following out this point 
of view. Professor Wilczynski has found that the congruence 
obtained in this way has very remarkable properties. Its 
focal surface is composed of two imaginary cones whose ver- 
tices are the circular points of the z plane, and whose gener- 
ators correspond to the null lines of the z plane. The har- 
monic conjugate of the z plane with respect to the two focal 
cones is a real surface with real asymptotic curves whose 
properties have not yet been completely determined. 


A 
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12. In this paper Professor C. N. Moore introduces a new 
generalized limit to replace the derivative of a function at 
points where the derivative in the ordinary sense and the so- 
called generalized derivative fail to exist. This limit is desig- 
nated as the first integro-derivative of the rth order at the 
point in question and is given by the formula 


1 
tims [a 


The utility of this conception is illustrated by means of a 
theorem which establishes the summability (C, k > r+ 1) of 
the derived Fourier’s series to the value of the first integro- 
derivative of the rth order at points where this limit exists. 


13. Dr. Barnett discusses the equation 


®) u(t"), 


where é, £’ are real variables in the range (0, 1), 2 1s a real vari- 
able on |z — zo|= a, u(é’) has the range of continuous func- 
tions for which max|u — uo| = 8B, and f(é, 2, u) is a functional 
yielding for each (£, z, u) of the above ranges a real number. 
In the first part of the paper hypotheses are stated which are 
sufficient to insure the existence of a unique solution reducing 
for z = 2 to an arbitrary continuous function wo(#) and hav- 
ing certain desirable continuity properties. 

The solution is then considered as also depending on the 
initial conditions and theorems concerning the continuity and 
differentiability are proved. It is finally shown that there 
exists a solution to the equation 


0g(z, 
f 2, u)d.g'(é, u) = 0, 


where g(z, u) is the functional to be determined, f(é, z, u) is 
a known functional and g’(é,z, u) is a functional related to 
the differential of g(z, wu) defined in the paper. The integra- 
tion is taken in the sense of Stieltjes. 


= 
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14. The most general solution of the integro-differential 
equation 


(1) 2) 2) 


= 


has already been given by Volterra in the form 


1 @ 
u(é2) = w(t) + [X= 


where the w(£) is an arbitrary continuous function on (0, 1) 
and the functions k, are the iterated kernels of k. Dr. Barnett 
shows that when the kernel k& is symmetric or skew-symmetric, 
the solution takes on a simple form, analogous to the expon- 
ential form of the solution of a finite system of linear differ- 
ential equations with constant coefficients. 

The theorem for symmetric kernels is as follows: 

Through the element (zo, wu) where zo is a real number and 
Uo a real continuous function of ~ on (0,1) there exists one 
and but one solution of equation (1), viz., 


z) = + — 1) 


where the ¢y, are a complete normal orthogonal set of char- 

acteristic functions of k, \, the corresponding characteristic 

numbers and the c, the Fourier coefficients of wo(£) with re- 
1 


spect to the 2. c, = f ¢(n)uo(n)dn. 


A corresponding theorem for a special type of non-homo- 
geneous equation is also discussed. 


15. Dr. Schweitzer defines the “quasi-distributive” equa- 
tions of order k = 1; an important instance is 


In+1)s hy tn] 


where n = 1, 2,3, etc. For n = 1 this relation is the asso- 
ciative relation. In the domain of finite or infinite abstract 
groups* relation (1) is always solvable. Analytically, the 

* Cf. abstract, BuLLETiN, Nov., 1918, » pp. 58, 59. In this abstract for 


k =3 read k = 2; for k = 2 read k = 1; for interpolation read interpreta- 
tion. 


(1) 


| 

| 
| 

| 

| 

| 

| 

} 

| 

| 

| 
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equation (1) has the solution 


where @ is an “arbitrary” function of n — 1 variables and y 
is an “arbitrary” function with an inverse. For 2, = con- 
stant in (1) this solution suggests immediately a particular 
solution of a certain properly distributive equation on two 
functions. 

The equation (1) in connection with the equations 


h, °° =) tn), tn] = %, 
(f(a, h, h, tn), h, tn] = %1, 


yields, as an eliminant in the function f, an “identity” quasi- 
transitive functional equation (and conversely). This result 
is generalized for a finite group of quasi-transitive functional 
equations and thus leads to the concept of a finite group of 
quasi-distributive functional equations and, subsequen ly, 
to a finite group of properly distributive equations on two 
functions. 


(2) 


16. Professor Baker gives the formula 
Coeff. x?m(Z —X + 8)], 


divided by a denominator obtained from this by replacing 
the last 2, by 1, for the most probable unexpired life of a rail- 
road tie. Here p, is the probability of a tie having a life l,; 
~, runs over all possible lives, 2, from » = [X/M] to »= 
[X/m] where X is the age of the road and M, m are the maxi- 
mum and minimum life of a tie. 2, runs from s = X — M 
to X including the first term if the result is desired immediately 
before the annual relaying and the last term if the result re- 
fers to a time just after this. The asymptotic form is ob- 
tained by omitting the 2, and replacing it by 1. This holds 
for all positive distributions (p,). A large enough X to use 
this form has not been reached; in actual cases the result 
oscillates about the asymptotic amount, which is greater than 
the text rule of “half the average life” for a uniform distri- 
bution and less than this for a skew binomial. 

Some results are as follows: taking the mean average of the 


— 
— 
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two 2,’s and m= 5, M = 15, X = 54 to 60 inclusive, and for 
the two cases of uniform distribution and skew binomial 
(2 + x)”, we have 


M.A. Asym. Text Oscillation 
U. D. 5.266 5.25 5 1.8% 
S. B. 4.037 4.032 4.167 2.2% 


An oscillation of 1% is approximately $10,000,000 for the 
roads of the United States. 


17. Professor Baker considers the integral equations 


and 
(2) kf(bz) = f — u)du. 


In volume 76 of the Mathematische Annalen Runge and 
Pélya have discussed the solution of 


f(z) = f — u)du. 


Runge’s method adds nothing to the discussion, but Pélya’s 
makes the general solution depend on the functional equation 


[p(s)]? = cp(as). 


The resulting asymptotic forms include all of De Forest’s 
based on polynomials, and also others, the simplest being 
1/(1+2?). This has an asymptotic neighborhood among con- 
tinuous functions, and among double ended series, but not 
among polynomials. The equation (2) has no proper solu- 
tion. 


18. By making use of the associated realms of rationality, 
Professor Hancock is able to show that any root of a biquad- 
ratic may be expressed rationally and also integrally through 
any other root with coefficients that are rational and integral 
functions of the roots of the reducing cubic. 


For example if Vp + vrand = Vp— vr 


| 

| 

| 

| 
| 

| 
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the rather remarkable relation is 
T= Ago? + + Ago + A3, 
where the A’s are integral functions of the second degree in p. 


19. It is well known that algebraic ruled surfaces may be 
generated by the lines joining corresponding points of an 
(a, 8)-correspondence between the points of two algebraic 
curves in space. Professor Emch considers a large class of 
ruled surfaces defined by certain cinematic properties, which 
are equivalent to such a correspondence between the points 
of a straight line and a circle. 

The parametric equations of these surfaces in cartesian co- 
ordinates are 


z=pcos0, y=psin@, z= (p — a) cot pé/q, 


where p and @ are the parameters, and p and q two integers 
which are relatively prime. It is shown that these surfaces 
are rational so that every plane section is a rational curve. 
They may be divided into two sub-classes of bifacial and uni- 
facial surfaces according as q is even or odd. 

When q is odd, the order of the surface is 2(p + q). In 
this case the directrix circle and the directrix line are respec- 
tively g-fold and 2p-fold curves of the surface. Besides these 
the surface has $(q¢-+ 1) real double curves of order 4p or 
2q, according as 2p = q, and p real double lines. 

When q = 2s is even, then the order of the surface is p + q. 
The directrix circle and line are s-fold and p-fold respectively. 
There are moreover $(s-+ 1) or 3s real double curves, ac- 
cording as s is odd or even; they are of order 2p or q, according 
as 2p=>q, except when s is odd; then there are $(s — 1) 
curves of order 2p and one curve of order p. 

The system of points of intersection of the double curves 
with a plane through the directrix line may be arranged ac- 
cording to certain cyclic groups of various orders. 

These surfaces have the remarkable property that, in certain 
sets, they are applicable upon each other, and their intersec- 
tions with a torus lead to all so-called cyclo-harmonic curves. 

It is also shown how Moebius’ unifacial and bifacial bands 
of all orders may be cut out from these surfaces. 


20. In a recent paper (Annals of Mathematics, volume 19, 


| 
| 
| 
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number 4) Dr. Simon gave a formula of polynomial interpo- 
lation for a continuous function of a single real variable. The 
formula 


o,(z, y) = 


where 


j 


and the function f(z, y) is defined and continuous when 


1 1 
<2z4<b<— <y 
O<aszsbsy. as: 

is proposed in the present paper, and is the immediate exten- 
tension of the earlier one to a continuous function of two real 
variables. Furthermore, it is shown that when the function 
which is being approximated satisfies a Lipschitz condition, 
the order of approximation is 1/ Vn. 

A trigonometric formula of approximation is also proposed 
for a continuous function of two real variables having the 
period 2x. This formula 


2n—1 2n— 
> f(z, | cos” 5 cos 22 5 
_ j=0 
y) = n—1 y 
22, cos$ cosy |” 
=0 j=0 2 


where the 2; and y,; are two sets of values such that 24; — 2; 
= r/n, ¥j11 — Yj = 7/n, is the extension of one given by 
Kryloff (Bulletin des Sciences Mathématiques, volume 41, Oc- 
tober, 1917). Here too the order of approximation is 1/~n 
when the function satisfies a Lipschitz condition. 


21. A congruence of curves is exemplified in the lines of a 
field of force, or velocity. In many questions it becomes ne- 
cessary to study the rate of variation around a point of the 
unit vector which defines the congruence. Also in relation to 
the unit vector a which is tangent to the vector line (line of 
the congruence) at the point are other perpendicular unit vec- 


| 
— 2? — 
| 
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tors, such as the principal normal and the binormal and others. 
Professor Shaw’s paper is a study of the properties of such triply 
orthogonal sets of unit vectors. A linear vector function 6 
is defined which gives, for a differential displacement of the 
point nds, the instantaneous axis and amount of rotation of 
the triply orthogonal system a, 8, y, that is 0(n)-ds. It turns 
out that @ is symmetric in a, 8, y and every theorem is thus 
true at once for each unit vector or its proper congruence. 
Also the curl and the divergence of each can be stated in terms 
of 6. The lines of equi-directed unit-tangents of the congru- 
ence are found in terms of 6. The invariant axes of @ define 
sets of straight lines along which the axis of rotation of the 
trihedral is in the direction of the displacement. Other prop- 
erties of curvatures and torsions are discussed. (Cf. Rogers, 
Proceedings of the Royal Irish Academy, volume 29, section 
A, No. 6 (1912), pages 92-117.) Quaternion methods are used. 


22. The object of Professor Lefschetz’s note is to show that 
an abelian variety V, of genus p and rank one can have any 
number of real folds represented by 2*,s = p. These folds form 
equivalent p dimensional cycles of V, and their indices of con- 
nection are easily determined. There are Jacobi varieties of 
each of the p types obtained and their consideration yields a 
very simple proof of the theorem due to Harnack, according 
to which a curve of genus p can have at most p+ 1 real 
branches. As a particular case of the above results, there are 
hyperelliptic surfaces of arbitrary divisor and rank one, with 
one, two or four real folds forming as many equivalent two 
dimensional cycles and each reducible by deformation to a ring. 


23. In this paper, Dr. Gronwall shows that the determina- 
tion of the surfaces indicated in the title reduces to the solu- 
tion of the equation 


f’(u)g’(v)h(w) + + 
= [f(u) + g(v) + h(w)}? 


under the condition u-+v+ w= 0. By function theoretic 
means, involving an extensive use of Hadamard’s theory of 
entire functions of finite genus, it is shown that this functional 
equation has only one solution, which corresponds to the 
surfaces of revolution of constant curvature. 
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24. Dr. Gronwall proves the following theorem: When 
the power series w(z) = >> a,z" converges for |z|< 1, and 
0 


— pe**, where p > 0 and 6 and @ vary with p subject only to 
the conditions 


> n|a,|? converges, and we write z= 1 — pe 


then 
w(z) — w(ze) 0 asp > 0 


uniformly in respect to @ and 6’. This theorem is useful in 
the study of the behavior of a conformal mapping function on 
the boundary of the mapped region. 


25. The determination of all harmonic functions V(z, y, z) 
such that V(x, y, z) = const. defines a family of minimal sur- 
faces is of a certain importance in hydrodynamics. In the 
present paper, Dr. Gronwall shows that beyond the known 
case V = z — a arctan y/x (and those derived from it by a 
change of coordinate axes), no such functions exist. 


26. In this paper, Dr. Gronwall calls attention to the fact 
that many of the published proofs of the expansion 


sin 7s 


log I'(s) + 3 log—— + (s — 3)(log 2a — 
“logn . 
are deficient, and gives two new and elementary proofs. 


27. In the Annals of Mathematics, June, 1918, Professor 
Daniell published a paper on “A general form of integral.” By 
using the methods of that paper, he is now able to define in- 
tegrals in an infinite number of dimensions, that is, not merely 
line integrals in an infinitely dimensional space. In a second 
part, the author defines a function which is of limited varia- 
tion in an infinite number of dimensions and thereby is able 
to define a general Stieltjes integral. 
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28. Methods analogous to the methods for summing di- 
vergent series and integrals may be employed for defining de- 
rivatives of functions at points where the ordinary derivative 
fails to exist. This suggests building up a general theory 
which might be termed the theory of generalized limits in 
general analysis. In Professor C. N. Moore’s paper a general 
theorem in this theory is established which includes as special 
cases the Schnee-Ford theorem with regard to the equivalence 
of the Cesdéro and Hélder methods for summing divergent 
series, the corresponding theorem for integrals due to Landau, 
and a third theorem with regard to the equivalence of the 
integro-derivatives of the Cesaro and Hélder type. 


29. In a former paper Dr. Schweitzer has shown that a 
certain “quasi-distributive”’ property is satisfied by the ele- 
ments of an abstract group, finite or infinite. This suggests 
that properly distributive functional equations have solutions 
in the domain of abstract groups. In verification, Dr. 
Schweitzer shows that the relation 


+++, te, +++, tn] 
= (a1, th, tm), thy m21, 221 
has the solution (among others) 


where the p’s are arbitrary integers not zero. Further, the 
equation on one function, 


t{z, 2)} = t{r(z, y), T(x, 2)}, 


is satisfied by 7(z, y) = zy2. Finally, the author gives the 
following set of postulates (apart from closure) for an abstract 
group based on distributiveness: 


1. g[r{zx, y)}, 2)] = F(a, 2). 
y), 2] = 2), 2)]- 

y), x] = y), 

. t[x, r(x, y)] = 


b 


E. J. Movtron, 
Acting Secretary. 
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APPLICATIONS OF THE THEORY OF SUMMA- 
BILITY TO DEVELOPMENTS IN ORTHOG- 
ONAL FUNCTIONS. 


BY PROFESSOR CHARLES N. MOORE. 


(Read at the Chicago Symposium of the American Mathematical Society 
April 12, 1918.) 


THE very considerable body of literature which may be de- 
scribed by the above title belongs almost entirely to the pres- 
ent century. Its extent is only roughly indicated by the bib- 
liography at the end of the paper, which makes no pretensions 
to being complete. The type of series considered here consti- 
tutes one of the three most important classes of series to which 
the theory of summability has been applied, the other two be- 
ing power series and Dirichlet’s series. A noteworthy feature 
of the applications with which we shall be concerned is found 
in their usefulness in an important branch of applied mathe- 
matics, namely the theory of the flow of heat and electricity. 


§1. The Summability of Fourier’s Series. 


The first writer to deal with the topic of this section was 
Fejér. In his fundamental paper of 1903 [5]* he established 
among other results the summability (C1) of the Fourier 
development of an arbitrary function satisfying very wide 
conditions, at all points where the function is continuous or has 
a finite jump. We shall give a proof of this theorem, under 
somewhat modified conditions, which is substantially the same 
as Fejér’s proof. 

The Fourier development of f(x) may be written in the 
form 


1 2r+a 1 a 
oO (0) cos n(6 — x)d8, 

Tn=ida 
it being assumed that f(x) is periodic of period 27. We have 
for the sum of the first n terms of (1) 


1 cos (n— 1)(@ — x) — cosn(@ — 2) 
2(1 — cos (6 — 2) 


* The numbers in brackets refer to the bibliographical list at the end of 
the paper. 
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Hence for the arithmetic mean of the first n sums, we have 


sin 
@ 


If now we set t= 3(9— x) and then take a = x — 2, we 
obtain 


+ 20) + fle — 2) 


nT sin? ¢ 


We are now ready for the proof of Fejér’s theorem. We 
begin by establishing two lemmas. 
Lemma 1. For any positive integer n, we have 


1 (7"sin? nt 
nr J,  sin*t 


(5) dt = 3. 
If we set 
(6) on(2t) = 4+ cos 2t+ cos 4t+ --- + cos 2(n — 1)t 


_ cos 2(n — 1)t — cos 2nt 
2(1 — cos 


we have 
7 Zn(2t) 04(2t) + o2(2t) + --- + on(2t) sin? nt 
(7) n Qn sin?i 


But from (6) 
o,(2t)dt= (n=1,2,3,---). 
T Jo 

From this relationship and (7) the identity (5) readily follows. 


Lemma 2. If g(t) is integrable (Lebesgue) in the interval 
(0 <2 Se Yr) and furthermore lim g(t) = 0, then 
t>0 


| 
| 
| 1 i 
4 
| 
| apa Je ? ) = 
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Given an arbitrary positive €, we chose 6 < ¢ and such that 
(8) le(t)|< (0 St $6). 
Then, 6 being fixed, we choose m so large that 

1 € 
9) | < § (n > m). 
From (8), (5), and (9) we obtain 


f o% <= 1 nt 


—{ sin? ¢ 
sin? mt € sin? nt 
[lool Say ain? sin? 
| o(t)|dt < (n =m), 


which proves our lemma. 

Frsér’s Toeorem.* If the function f(x) is periodic of period 
2m and is integrable (Lebesgue) over any interval of length 2z, 
the series (1) will be summable (C1) to the value {f(x + 0) 
+ f(x — 0)} at every point for which this limit exists. 

It is obvious that this theorem can be proved by showing 
that 


tim [ — + 0 +4 01] = 0, 
where S,(x) is defined by (3). In view of (4) and Lemma 1, 
the ot in brackets may be written in the form 


nT 


It follows at once from Lemma 2 that this last expression 
approaches zero as n becomes infinite. The theorem is there- 
fore proved. 


* Fejér’s original conditions are somewhat different from ours, he having 
required that f(z) be ——— (Riemann) and become infinite at only a 
finite number of points. Thus his result and our result overlap. It is 

to modify our argument so as to include both results. 

nt With slight changes the above argument may be used to establish 

uniform summability throughout any interval included in an interval of 
continuity of f(z). 
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Since the points of discontinuity of a function having a 
Riemann integral form a set of measure zero, Fejér’s theorem 
for such functions may be stated in the form: The Fourier 
development of any function having a Riemann integral is sum- 
mable (C1) to the value of the function at all points except for a 
set of measure zero. But Fejér’s theorem does not enable us 
to assert anything of that sort about functions having a Le- 
besgue integral, since for such functions there may be no 
points where the limit 4[f(z + 0) + f(x — 0)] exists. How- 
ever, Lebesgue has extended the second form of Fejér’s the- 
orem to functions integrable according to his definition [14], 
in a theorem which we shall now proceed to prove. We begin 
by establishing two lemmas. 

Lemma 3. If g(t) is positive or zero in the interval (0 St 
S Yn), has a Lebesgue integrcl there, and is such that 


lim Git 
(10) tim? = 0, 

then we shall have 

(11) lim = 0. 

oOo 

Given an arbitrary positive €, we choose a 6 such that 

(12) (<t<8). 


Then, 6 being fixed, we choose m, such that 
[2 
(13) Lf sin dt| < § (k > m), 
176s 


which we may do in view of the Riemann-Lebesgue theorem 
with regard to the limiting values of the Fourier’s constants 
of an integrable function.* 
For values of k > 2/5 we have, in view of (12), 
0 T Jo t 


(14) ; 


* Cf. Lebesgue, Lecons sur les Séries trigonométriques, p. 61. 


€ sin u 
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Furthermore, on integrating by parts, 


1 
(15) J sin kt dt = [ - fe. 
tif costa — cos kt at 
alk alk 
But 
1 GH] GO) ,1 
(18) ‘EJ, cos It dt| Bile 
Git) 1 1 G(a/k) 


Combining (15), (16), (17) and (18), and taking into account 
(12), it is readily seen that we may choose m2 such that 


G® 


If we designate by m the greatest of the three quantities 
™m, 7/5 and m2, we have from (13), (14) and (19) 


GO. sin kt 
0 


(19) 


sin kt < $ (b> wo. 


alk 


t 


(k > m). 


Our lemma is therefore proved. 

Lemma 4. [f f(x) is integrable (Lebesgue) in the interval 
(a <z <b), |f(x) — f(xo)|, where (a < xo < 5), ts for x = x 
the derivative of its indefinite integral, except perhaps at a set of 
points of measure zero. 

We know from a well known theorem in the theory of Le- 
besgue integrals that f(x) — a, where a is any constant, will, 
under the conditions of our lemma, be the derivative of its 
indefinite integral for all points of (a < x < b) except perhaps 
a set of measure zero. Let this set be represented by E(a), 
and let EF, represent the set which is the sum of all the E(a) 
for all rational values of a. Then E£, will also be a set of mea- 
sure zero. 
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Let 2» be a value of x in a < x < b which does not belong 
to K,, and let 8 be any irrational number. Given an arbitrary 
positive €, we can find a rational number a so near to 6 that 


(20) — B| — |f@) 


whence 


() — Blas| 


- 


Since, moreover, the second term of the left hand member of 
(21) approaches |f(z) — a| as x approaches 29, we may choose 
a 6 such that 


— aol 


(22) 


() — alde|— |f(z) 
3 
(|x — 8). 


ed” (20), (21) and (22), we obtain 


| 


Hence |f(x) — B| is for x = zo the derivative of its indefinite 
integral. Since zo was any point not of EF, and 6 was any ir- 
rational number, it follows that \f(x) — y|, where y is any 
number, is the derivative of its indefinite integral for every 
point of (a < x < b) except a set of measure zero. Since for 
any point 2» we may choose y = f(xo), our lemma is proved. 

LEBESGUE’s THEOREM. The Fourier development of a func- 
tion f(x) that is periodic of period 2x and is integrable (Lebesgue) 
over any interval of length 2x, is summable (C1) almost every- 
where to the value f(z). 


Our theorem may be proved by showing that 
(23) tim | “© fa) |= 0, 
oO 


where S,(x) is defined by (3), is true almost everywhere. In 
view of (4) and Lemma 1 the expression in brackets in (23) 


<e (|x — < 4). 


| 
| 
| — 
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may be written in the form 
sin? nt 


sin? gt 


We will show that (24) approaches zero as n becomes infinite 
for all values of x for which | ¢,(#)| is for ¢ = 0 the derivative 
of its indefinite integral @,(é). This latter will be the case 
for all values of z for which both |f(z + 2t) — f(z)| and 
|f(a — 2t) — f(x)| are for ¢ = 0 the derivatives of their indef- 
inite integrals, and in view of Lemma 4 this is true almost 
everywhere. Thus our theorem will be proved. 

We consider then a value of z for which ©,’(0) = ¢,(0) = 0, 
and hence we have 


(25) lim 


Integrating by parts in the integral on the right hand side of 
(24), this expression takes the form 


1 sin? sin 2nt 


(26) nT | 20 sin? t sint sint 


2 (7"4,(t) _ sin? nt 
nr J, sint sin*t 
The first term in (26) vanishes at the lower limit in view of 
(25) and at the upper limit takes on a value which approaches 
zero as n becomes infinite. From Lemma 2 and (25) the third 
term is readily seen to approach zero as n becomes infinite. 
The second term may be replaced by 
1 ®,(t) sin 2nt 
sin 


(27) 


since the difference between the two approaches zero as n 
becomes infinite in view of the theorem of Riemann-Lebesgue” 
referred to in the proof of Lemma 3. But it follows from 
Lemma 3 that (27) approaches zero as n becomes infinite. 
Hence (26), and therefore (24), has this same property for the 
value of x we are considering. Thus, as pointed out above, 
the theorem is proved. 


= 
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We may also use for the summation of Fourier’s series the 
non-integral orders of summability introduced by Knopp, 
Marcel Riesz and Chapman. These may be defined as follows: 


Let 
Tk+n+1) 
= 


p=0 


Then if o, = S,/A, approaches a limit o as n becomes 
infinite, we say that the series Du, is summable (Ck) with 
sum ¢. We may also define the sum of the series to be 


n<w n k 
L n=0 
whenever that limit exists. This latter definition has been 
shown by Riesz to be entirely equivalent to the former one.* 
It was shown independently by Riesz [18] and Chapman [3] 
that the Fourier development of a function f(x) having a 
Lebesgue integral is summable (C,k > 0) at all points at 
which jim [Y4if(a + h) + f(x — h)}] exists, to the value of 


that limit. It was shown by G. H. Hardy that the series is 
summable (C, k > 0) to f(x) almost everywhere [13]. Hardy’s 
proof of his theorem is similar in method to a simplified proof 
of the Riesz-Chapman theorem given by W. H. Young [19] 
and [20]. Space is lacking to give here the details of these 
proofs. They depend on properties of the functions 


+ ope} 


introduced by Young. These functions are generalizations of 
the sine and cosine, for we have obviously Co(¢) = cos t, C,(4) 
= sint. 
§2. Convergence Factors. 
Convergence factors may be defined as a set of functions of 
a parameter which, when introduced as factors of the succes- 


* Cf. Comples Rendus, June 12, 1911. 
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sive terms of a series, cause a divergent series to converge,* 
or a series which is already convergent to converge more rap- 
idly throughout a given range of values of the parameter. 
In the case of all the convergence factors used in practice, it 
is further true that each factor approaches unity as the param- 
eter approaches a certain value, and that the function of the 
parameter defined by the series with the convergence factors 
approaches a limit as the parameter approaches this same 
value, this limit being the value of the series for convergent 
series and a value we find it useful to ascribe to the series in 
the case of a divergent series. 

Thus we see that a set of convergence factors may be used 
to define the sum of a divergent series. This method of sum- 
mation goes back to Euler, who frequently arrived at a value 
for a divergent series Zu, by setting Du, = lim ZUnt”. A 

>1— 


simple illustration of this process is exhibited in the case of 
the series 1— 1+1—1+---. For this series we have 

lim 2u,z" = lim = lim =} 
z—>1-—0 z—>1—0 z 
This value agrees with the value of the series when summed 
by the mean value process. 

From one point of view, practically every method of sum- 
ming divergent series may be regarded as a convergence factor 
method. Thus in the summation by first means we seek the 
limit as n becomes infinite of 


2 n 

+(4 + coo of (1 

The expression on the right hand side may be regarded as the 
series obtained by introducing the convergence factors 


=1- (m = 0,1, 2, ---,n); 


n+1 
in(=) = 0 (m= n+ 1,n+ 2, ---) 


* Some writers have employed the term convergence factor in the case 
of a set of factors which cause a divergent series to tend toward conver- 
gence, i. e., to become summable of a lower index. 
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into the series Zu. Here both the variables of which the con- 
vergence factors are functioris take on only discrete values 
and we take the limit of F(n) as n becomes infinite. But the 
principal characteristic of this type of factors lies in the fact 
that for any definite value of the parameter they are all zero 
from a certain point on. In this they differ from the type to 
which the name convergence factor has ordinarily been 
applied. 

The simplest example of the latter type is to be found in the 
set of convergence factors mentioned above as used by Euler, 
namely the set 1, x, 2, ---. In connection with this set it is 
interesting to note that the fact we have indicated above with 
regard to the effect of their introduction into the series 1 — 1 
+1—1+---, is not an accidental coincidence but a par- 
ticular case of a general theorem due ‘to Frobenius [8]. This 
theorem may be stated as follows: 

FROBENIUs’s THEOREM: If the series Zu, is summable (C1) 
to the value S, then the series Zu,x” will converge for 0 < x < 1, 
and the function F(x) which it defines for those values will be 
such that = §. 


We shall not give the proof of this theorem, inasmuch as it 
is a special case of a more general theorem due to Bromwich 
{1]. This latter theorem includes also a number of other the- 
orems about convergence factors due to various writers. In 
its most general form it applies to the introduction of conver- 
gence factors into series summable (Ck), where k is any posi- 
tive integer.* We shall deal only with the simplest case where 
k = 1, but for this case we will state the theorem in somewhat 
more general form than it is given by Bromwich. It requires 
only slight changes of phraseology to fit the proof to this mod- 
ified statement, and in this latter form the theorem applies 
directly to cases to which the other form is not applicable. 

Bromwicn’s THEOREM: If the series Xu», is summable (C1) 
to the value S, and the set of functions, fo(a), fila), fea), --:, 
fn(a), «++, defined for a set of values E(a) having at least one 
limit point ao, not of the set, satisfies the conditions 


* Bromwich’s theorem has been generalized to cases where k is non-in- 
tegral by Chapman and Ottolenghie Cf. [3] and Giornale di Matematichz 
di Baltaglini, ey 49 (1911). 
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Pp, q any integers 


(B) lim nf,(a) = 0 
(C) = 1, 


then the series Dunfn(a) will converge absolutely over E(x) and 
the function F(x) which it defines there will be such that lim F(a) 


= 
Since we have, using the notation (28) for the case k = 1, 


Un = 8n — = (Sn (Spa S,-2) 


= Sar 28,1 + Sn-2 
we obtain, if we set S_, = S_, = 0, 


(30) uUnfn(a) = (Sm — + Sm—2)fn(ar) 


m=0 


m=n—1 


In view of the hypothesis that Zu, is summable (C1) we may 
choose a positive constant C such that |S,|< (n+ 1)C for 
all values of n. Then, making use of this fact and condition 
(A), we see that the summation on the right hand side of (30) 
approaches a limit over E(a) as n becomes infinite. Making 
use of the property of S, just employed and condition (B), it 
follows that the remaining two terms on the right hand side 
of (30) approach zero as n becomes infinite. Thus the left 
hand side of (30) approaches a limit also, and we have 


(31) F(a) = = 


Applying this identity to the series 1 +0+0+0+ ---, we 
obtain, since in this case S,, = m+ 1, 


(32) fola) = p> (m + 1)A*%fn(x). 
+4 notation is used as an abbreviation for fn(a) — 
n+2\a). 


t If the terms u, are functions of a variable and Zu, is uniformly sum- 
mable throughout a certain interval, the limit of F(a) will be approached 
uniformly over that interval as a approaches ap. 
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From (31) and (32) we obtain 


(88) Fla) Shela) = 8) (m+ 


Since Zu, is summable (C1) to S, we may choose an r such that 
Sm € 

(34) (m =1), 


e being an arbitrary positive quantity and K the K of condi- 
tion (A). Then, r being fixed, we may in view of condition 
(C) choose 6 such that 


(35) 


(|a — ao] < 4). 

From (33), (34), condition (A) and (35) we obtain 

| F(a) — Sfola)|< (|a — a] < 4). 


lim F(a) = lim Sf(a) = 8S, 
a—>ay a—>ay 


Whence 


and our theorem is proved. 


§3. Applications to Problems in the Flow of Heat. 


The theorems about convergence factors are of special in- 
terest in view of the fact that they have important applica- 
tions in connection with certain problems in mathematical 
physics. We will illustrate this by discussing a particular 
problem in the flow of heat. 

We take the case of a finite rod of length + whose ends are 
maintained at zero temperature and whose surface is a non- 
conductor. Suppose the cross section of the bar is so small 
that the temperature is sensibly constant throughout it, and 
suppose the initial temperature is given by the function f(z), 
We wish to determine the temperature of any point of the bar 
at any later moment. 

Our problem reduces to the determination of a function of 
zx and t, v(2, ¢), such that 


do 
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(8) (0, = 0 = o(z, (¢> 0), 


(y) lim oz, t) = f(m), 


where 2; is any point in whose neighborhood f(x) is contin- 
uous. If we assume that o(z, ¢) may be expressed in the form 
u(x)w(t), we find as particular solutions of (a) 


(36) Ae-**tsinaz, Be-**tcosax (A, Bandaconstants). 


The second solution does not satisfy the boundary condition 
(B), so we reject it. The first solution satisfies (8), but will 
satisfy (y) only in case f(x) = sinaz. If f(x) does not have 
this form, we naturally try to build up a sum of particular solu- 
tions of («) of the form of the first solution in (36), DA, 
e~*a=*t sin dat, which will approach f(z) as ¢ approaches + 0. 
This raises the question of the possibility of expressing f(x) 
in the form 2A, sina,z. We know from the theory of con- 
vergent Fourier series that an arbitrary function of z, sat- 
isfying fairly wide conditions, may be expressed in a series of 
this form. But we also know that there exist continuous func- 
tions of x whose Fourier development diverges at points 
everywhere dense. 

Our physical intuition tells us that there must be a solution 
of our problem corresponding to any original distribution of 
temperature that is thinkable, and therefore certainly in the 
case of an original distribution that is continuous. Fejér’s 
theorem about summability (C1) of the Fourier series, com- 
bined with some general theorem about convergence factors 
such as Bromwich’s theorem, furnishes the mathematical dem- 
onstration that the series formed by introducing convergence 
factors of the type ¢~**** into the sine series for f(x) is the 
desired solution. 

The proof in detail is relatively brief. We have to show that 
the series 


(37) sin (4. == f ) 


converges for (t > 0; 0 < x < =), and defines in that region 
a function »(z, t) which satisfies conditions (a), (8) and (7). 
We know from the Riemann-Lebesgue theorem referred to 
above that A, approaches zero as a limit as n becomes 
infinite, and therefore the series (37) and the various derived 
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series obtained by differentiating (37) term by term with re- 
gard to ¢ or z, will converge uniformly throughout the region 
(t¢2t>0,0<2<-7). Thus we see that the series (37) 
defines a function »(z, ¢) that satisfies conditions (@) and (8). 
It remains to show that this function also satisfies (7). 

It is readily seen that v(z, t) will satisfy (7) provided it ap- 
proaches f(z) as a limit as ¢ approaches + 0, uniformly through- 
out any interval included in an interval in which f(z) is con- 
tinuous. Since, from Fejér’s theorem, 2A, sin nz is uniformly 
summable throughout any interval included in an interval of 
continuity of f(x), it will follow from Bromwich’s theorem that 
v(x, t) approaches f(x) uniformly throughout such an interval, 
in case the convergence factors in (37) satisfy the conditions 
of that theorem. 

That conditions (B) and (C) are satisfied is easily seen. 
Turning to condition (A), we find that A’e—*"* _is negative 
when n < V1/2kt — 2 and is positive when n= V1/2kt. Hence 
this expression cannot change sign more than three times for 
any value of ¢ > 0, and therefore condition (A) will be satis- 
fied i we can determine a positive constant such that any se- 
quence of terms chosen from 2nA’e~*"* is less in absolute value 
than this constant for all values of t > 0. 

We have 


n=q 


= pe-kr*t — — 
= 2kp(p + — + 


+ — (4 <A<1 
1<hh<2/)° 


Each of the first two terms on the right hand side is less in 
absolute value than the expression 2kye~” for some value of 
y > 0, and since this expression and also e~¥ remain finite for 
all values of y > 0, it follows that condition (A) is satisfied by 
the convergence factors of (37). Hence the series (37) de- 
fines a function v(z2, t) which satisfies condition (y), and as. we 
saw previously that this same function satisfies (a) and (8), 
it follows that our physical problem is completely solved. 
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§4. Summability of Other Developments. 

The developments in orthogonal functions of one variable 
that have been most extensively studied are, aside from the 
Fourier series, the developments in Sturm-Liouville func- 
tions and in Legendre’s and Bessel’s functions. The Sturm- 
Liouville developments offer less difficulty and yield simpler 
results than the other two. This is due to the fact that the 
differential equations which define Legendre’s and Bessel’s 
functions have singular points in the interval in which we 
wish to develop an arbitrary function, while the differential 
equation for the Sturm-Liouville functions does not. It is in 
the neighborhood of these singular points that the develop- 
ments in terms of the former functions are more complex in 
their behavior and are more difficult to handle. 

Very complete results with regard to the summability (C1) 
of the Sturm-Liouville developments were obtained by Haar 
in his dissertation [11]. He showed in fact that the behavior 
of the development of any function having a Lebesgue inte- 
gral was the same at any point as the behavior of the cosine 
development of the same function. This result follows readily 
from the following fundamental theorem: 

Haar’s THEOREM. If we represent by 8,(x) and on(x) the 
sums of the first n + 1 terms of the Sturm-Liouville and cosine 
developments respectively of any function f(x) having a Lebesgue 
integral, we have 

Jim [s0(z) — on(x)] = 0 


uniformly over the interval (0 < x < 1).* 

This theorem enables us to infer from the various results 
obtained with regard to the summability of the Fourier’s 
series, corresponding results for the Sturm-Liouville develop- 
ments. Thus we obtain not only the analogue of Fejér’s the- 
orem, as pointed out by Haar, but also the analogues of Le- 
besgue’s theorem, the Riesz-Chapman theorem, and Hardy’s 
theorem. 

The first study of the summability of the developments in 
Legendre’s functions was made in 1908 by Fejér who estab- 
lished summability (H2), or what is equivalent (C2), at every 

* If the interval of definition of the Sturm-Liouville functions is taken 
as some interval (a, b) differing from the interval (0, x), we readily reduce 


that case to the above by a change of variable in the differential equation 
and boundary conditions by means of which the functions are defined. 
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point in the interval (—'1 < x < 1) at which the function is 
continuous or has a finite jump, provided the function is abso- 
lutely integrable [6]. In 1911 Haar proved the summability 
(C1) of the development at interior points of the interval 
(— 1 <2 <1) for the case where the function developed is 
continuous throughout the whole interval [12]. During the 
same year Chapman independently established summability 
(C, k > 1) for all points of the interval at which the function 
is continuous or has a finite jump, provided the function has 
a Lebesgue integral over the interval. He further obtained 
summability (C,k > 1%) at the end points and (C,k > 0) 
at interior points for the case where the function satisfies cer- 
tain additional restrictions as to the possession of limited vari- 
ation [4]. In 1913 Gronwall obtained summability of the 
same orders with less restriction on the function developed. 

His requirement for the case of interior points is that f(x) and 
(1 — 2?)“4/2-G/ F(z) should be absolutely integrable in (—1, 1). 

For the end points he requires the absolute integrability of 
f(x) and a further condition on the function in the neighbor- 
hood of the end point opposite to the one for which summability 
is established. This condition, in the case of summability at 
+ 1, demands that 


f(a’)on((2n + 


where P,(x) represents the Legendrian of the nth order and 
on™ (un) = S,/A,, 8, and A,™ being defined by equa- 
tion (28), should, for some value of 6 > 0, approach zero as 
n becomes infinite [10]. 

In the case of the developments in Bessel’s functions, sum- 
mability (C1) at points in the interval (0 < x < 1) where the 
function developed is continuous or has a finite jump, was 
established by the writer in 1908 [15] for the case of a function 
that is finite and integrable. Summability (C1) for points of 
the same nature in (0 < z < 1), was established by W. B. 
Ford in his recent book on divergent series and summability 
[7] for the case of a function f(x) that becomes infinite at a 
finite number of points while vzf(z) remains absolutely in- 
tegrable. Summability (C,k > 0) at points in the interval 
(0 < x <1) at which the function is continuous or has a 
finite jump for a function f(z) such that ~Vzf(z) has a Lebesgue 
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integral, and summability (C14) for z = 0, provided f(x) has 
a Lebesgue integral, is continuous at the origin and is such that 
| (f(z) — f(0))/27; is less than a positive constant for some 
value of y > 4% and values of z in the neighborhood of zero, 
have been established by the writer in two papers that have 
been presented to the Society but not as yet published.* 
Thus we see that here as in the case of the developments in 
Legendre’s functions, we have to put more restriction on the 
function developed at the point at which the differential 
equation corresponding to the functions in terms of which we 
develop has a singular point; moreover, even then we do not 
get summability of as low an order. The analogy between 
the two cases suggests the existence of a general theoryt with 
regard to the summability of developments in orthogonal 
functions that satisfy linear differential equations with singular 
points, which will include the important features of both cases. 
As far as the writer is aware this general theory is yet to be 


developed. 


§5. The Summability of Double Series. 


All the different methods of summation used in connection 
with simple series can be readily generalized so as to furnish 
methods for summing double series. We shall discuss here 
only the extension of the simplest method, i. e., summation 
by arithmetic means of the sums, to double series. We con- 
sider the double series 2a;;, and we set 


i=m,j=n i=m,j=n 
8mn = aij, Sinn p> ij, 
i=0,7=0 i=0,j=0 


mn = Smn/(m + 1)(n + 1). 
Thenif lim ¢nn exists and is equal to a, we say that the series 


Mm, 
Ya;; is summable (C1) to the value o. It is easy to establish 
the consistency of this definition with the Pringsheim defin- 
ition of convergence, for series such that |8mn|< C, a positive 
constant, for all values of m and n. Moreover, in that case it 
will also be true that |omn|< C for all values of m and n. 
The theorem of Frobenius for simple series has been ex- 
tended to double series by Bromwich and Hardy [2], and Brom- 
* For abstracts of these papers, see BULLETIN, vol. 24, pp. 65 and 422. 


+ Cf. a principle of generalization laid down by E. H. Moore, Introduc- 
tion to a Form of General Analysis, p. 1. 
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wich’s theorem for simple series has been extended to double 
series by the writer [16]. Fejér’s theorem about the summa- 
bility of the ordinary Fourier series has been extended to 
the double Fourier series, for points of continuity* of the 
function developed, by W. H. Young [21] and the writer [16], 
and for points of discontinuity of certain types by the writer 
[17]. These extensions, taken in connection with the exten- 
sion of the theorem on convergence factors, enable us to dis- 
cuss certain problems in mathematical physics in which double 
Fourier series occur, in a manner analogous to the discussion 
of the problem in the flow of heat considered earlier in the 
paper. Such a discussion may be found in [16]. 

The consideration of the summability of the double Four- 
ier series naturally suggests the consideration of the summa- 
bility of double series involving other orthogonal functions. 
Furthermore, the extension of the conception of summability 
to double series leads naturally to its further extension to 
triple series and to multiple series of any order. In particular 
we might study the summability of the triple Fourier series 
and thus obtain results having important applications to 
mathematical physics, analogous to those mentioned in con- 
nection with the ordinary and double Fourier series. Many 
other special studies readily suggest themselves. ‘Thus we see 
that the work already done on the summability of develop- 
ments in orthogonal functions is only a beginning, and that a 
large unexplored field remains to be investigated. 
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MODULAR SYSTEMS. 


The Algebraic Theory of Modular Systems. By F. S. Macav- 
LAY. [Cambridge Tracts in Mathematics and Mathemat- 
ical Physics, No. 19.] Cambridge University Press, 1916. 
xiv + 112 pp. 

A MODULAR system is an infinite aggregate of polynomials 
in n variables 2;, 22, ---,2n, defined by the property that if 
F, F, F2 belong to the system, F, + F2 and AF also belong to 
the system, where A is any polynomial in %, 22, ---, Xp. 
Hence if F;, Fo, ---, F; belong to a modular system so also 
does A;F, + + + A,F;, where A, Ao, Ax are 
arbitrary polynomials in 2, 22, ---,2n. In the algebraic the- 
ory (to which this tract is devoted) polynomials such as F 
and aF, where a is a quantity not involving the variables, are 
regarded as the same polynomial. 
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Let us consider any given infinite aggregate of polynomials 
in 2, %2,°--,2n. Ofthose of any given degree L there are only 
a finite number which are linearly independent. Hence we 
may select an ordered sequence of polynomials F;, F2, F3, --- 
of the given aggregate such that any given polynomial of the 
aggregate is linearly expressible in terms of a finite number of 
the polynomials F;, F2, F3, ---. Concerning such an ordered 
enumerable sequence of polynomials Hilbert has established 
the following theorem: 

If Fs, is an infinite sequence of polynomials in 
m variables 2, t2, ---, %n, then there exists a finite number k 
such that for h > k we have a relation of the form 


F, = AnmFi + + + 


in which the Ai denote polynomials in 2, 22, ---, 

Our author gives on page 38 essentially Konie’s ‘proof of 
this theorem. Since the proof is from first principles, he is 
justified in assuming the theorem from the beginning. 

From the foregoing considerations it follows that every in- 
finite aggregate of polynomials is contained in the infinite ag- 
gregate of a modular system and that every modular system 
is itself the aggregate of polynomials 


A\F, + + + 


in which F;, F2, ---, F, are k properly chosen polynomials of 
the system and As, ---, A, are arbitrary polynomials. 
The polynomials F;, F2, ---, F;, are said to form a basis of the 
system. 

In its simpler aspects the theory of modular systems is of 
importance in geometry. Let it be required, for example, to 
determine the class of algebraic plane curves which pass 
through the intersection points of the curves 


F,(z,y) = 0, y) = 0. 
It is obvious that the class includes all the curves 


where A; and Ae are polynomials in x and y. The question 
arises as to whether or under what circumstances every alge- 
braic curve passing through the given intersection points can 
be represented by an equation of the last form above. The 
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answer to such a question affords one of the simplest appli- 
cations of the algebraic theory of modular systems. 

The primary object of the algebraic theory of modular sys- 
tems is to discover those general properties of a system which 
will afford a means of answering the question whether a given 
polynomial is or is not a member of a given system. This 
calls for a generalization of the theory of the solution of equa- 
tions in several unknowns. In order that a polynomial F 
aay belong to a modular system with a given basis F;, Fo, 

, F; it is obviously necessary that F shall vanish for all 
finite solutions of the system F, = F, = --- = F, = 0. This 
condition is sufficient only if the given modular system has a 
certain property; otherwise, it is not sufficient, and F must 
satisfy further conditions, also connected with the solutions 
of the system F, = F, = --- = F, = 0; and these may be 
difficult to express concretely. 

At present the theory of modular systems is incomplete and 
offers a wide field for research. The subject is one of great 
difficulty, and he who works in it must exercise extreme care 
to avoid the pitfalls. Macaulay points out several mistakes 
made by his predecessors, some of them occurring in the most 
important memoirs dealing with the subject. 

From what has been said it is evident that the first step in. 
the theory of modular systems is to find all the solutions of 
the algebraic equations F; = F; = --- = Fy = 0. This is 
completely accomplished in the Gasadies of the resultant and 
the resolvent, developed by our author in sections I and II 
(pages 3-28). The theory of the resultant of two homo- 
geneous polynomials in two variables is first treated. There 
is given then a parallel development of the much more difficult 
theory of the resultant of n homogeneous polynomials in n 
variables. From this the necessary theory for non-homogen- 
eous polynomials follows at once. Application is made to the 
solution of certain classes of algebraic equations. In the the- 
ory of the resolvent the author follows in the main KGnig’s 
exposition of Kronecker’s method of solving equations by 
means of the resolvent. 

General properties of modular systems are developed in 
section III (pages 29-63) The treatment is closely allied to 
Lasker’s memoir (Mathematische Annalen, volume 60, 1905) and 
Dedekind’s theory of ideals. Section IV (pages 64-100) con- 
tains an extension of Lasker’s results founded on the methods 
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originated by Noether. The contents of this chapter are due 
to the author himself. A considerable number of the prop- 
erties proved in the section have been established by him in 
previous memoirs. But a new method, that of the inverse 
system, is here employed for the first time and the results are 
closely associated with it. Tine author’s own account of the 
method is to be found on pages 64 ff. 

The monograph ends with a note of twelve closely printed 
pages containing a brief explanation of the theory of ideals of 
algebraic numbers and functions and of the relation in which 
the algebraic theory of modular systems stands with respect 
to it. 

Throughout the tract the exposition is given in condensed 
form, evidently best adapted to the needs of investigators in 
the field. But a portion of the treatment, especially that of 
the first two sections, is suited to the needs of the general 
mathematical reader interested in the general aspects of the 
theory of algebraic equations in several unknown quantities. 

R. D. CarMicHAEL. 


NOTES. 


THE regular meeting of the Chicago Section of the Amer- 
ican Mathematical Society at the University of Chicago on 
Friday and Saturday, April 4-5, 1919, will include a symposium 
on the geometry of numbers with applications to questions of 
minima and algebraic numbers. Formal papers, based largely 
on the work of Minkowski, will be presented by Professor H. 
F. Buicurewpt, of Stanford University, and Professor L. E. 
Dickson, of the University of Chicago. Synopses of these 
papers will be sent out with the programmes of the meeting. 


THE programme of the regular meeting of the Society in 
New York City on April 26, 1919, will include reports of the 
work of members of the Society in the government Ordnance 
Department at Washington and Aberdeen. 


THE opening (January) number of volume 20 of the Trans- 
actions of the American Mathematical Society contains the fol- 
lowing papers: “Necessary conditions in the problems of 
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Mayer in the calculus of variations,” by Gitte A. LAREw; 
“Linear equations with unsymmetric systems of coefficients,” 
by Anna J. Pett; “On convex functions,” by Henry Bium- 
BERG; “Projective transformations in function space,” by 
L. L. Duves; “On the order of primitive groups (IV),” by 
W. A. MAnnine. 

There is a portrait of the late Professor Maxime BOcHER 
as frontispiece, with a short obituary note. Copies of this 
portrait may be obtained by sending twenty cents in postage 
stamps to the office of the Society, 501 West 116th Street, New 
York City 


THE opening (January) number of volume 41 of the Amer- 
ican Journal of Mathematics contains the following papers: 
“Groups generated by two operators whose relative trans- 
forms are equal to each other,” by G. A. MiILiEr; “A classi- 
fication of general (2,3) point correspondences between two 
planes,” by T. R. Hoxucrorr; “The classification of plane 
involutions of order (3),” by ANnNa M. Howe; “On surfaces 
containing a system of cubics that do not constitute a pencil,” 
by C. H. Stsam; “An isoperimetric problem with variable 
end-points,” by A. S. MERRILL. 


the January, 1919, issue, the Téky6 Stiigaku-Buturi- 
gakkwai Kizi (Proceedings of the Tokyo mathematico-physical 
Society) begins its third series. The name of the periodical 
changes with the new series to Nippon Stiigaku-Buturigakkwat 
Kizi (Proceedings of the physico-mathematical Society of Japan). 


THe January number of the American Mathematical 
Monthly contains the names and rank of one hundred and 
seventy-eight teachers of mathematics in the national war 
service. 


At the recent annual meeting of the Mathematical Asso- 
ciation of America Professor H. E. Staucut was elected pres- 
ident and Professors R. G. D. RicHarpson and H. L. Rretz 
vice-presidents. 


At the meeting of the London mathematical society held 
December 12, the following papers were read: By G. H. Harpy 
and J. E. Lirrtewoop, “Applications of the method of Faray 
dissection in the analytic theory of numbers: (1) A new solu- 
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tion of Waring’s problem; (2) Proof that every large number 
is the sum of at most thirty-three biquadrates; (3) The Rie- 
mann hypothesis and the expression of a number as the sum of 
a stated number of primes”; by N. M. Suan and B. M. Wi- 
son, “Numerical data connected with Goldbach’s theorem”; 
by M. Frécuet, “Integrals in abstract fields.” 


At the meeting of the Edinburgh mathematical society on 
January 10, the following papers were read: By E. M. Hors- 
BURGH, “A mechanical solution of a differential equation of 
torsion”; by F. Bowman, “ Note on the intersection of a plane 
curve and its Hessian at a multiple point” and “Note on the 
formula for the radius of the circumsphere of a tetrahedron 
in terms of the edges.” 


Tue Prince Jablonowski Society of Leipzig announces the 
following prize problem for 1921: “To extend the theory of 
linear functional differential equations in any direction. A 
complete treatment of new special cases is especially’ desir- 
able.” Competing memoirs should be submitted not later 
than October 31, 1920. The value of the prize is 1500 marks. 


Tue philosophical faculty of the University of Berlin an- 
nounces the following prize problem: “'To determine, by means 
of the theory of elementary divisors, the criteria that a given 
matrix be capable of representation as the composition of two 
skew-symmetric matrices.” Competing memoirs should be 
presented before June 4, 1919. 


THE academy of sciences of Heidelberg has joined the 
other learned societies as contributing member to the support 
of the Encyklopidie der mathematischen Wissenschaften. 


CoLLEGE DE France. Tue following courses in mathe- 
matics are announced for the session beginning December 2, 
1918: By Professor G. HumBert: Theory of quadratic num- 
bers, two hours.—By Professor J. Hapamarp: Influence of 
the form of the domain in the problems of mathematical phys- 
ics, two hours.—By Professor M. Brittovurn: English and 
American theories of the gravitational stability of the earth, 
two hours.—By Professor L. LaNGEvin: The principle of rela- 
tivity and the theories of gravitation, two hours.—By Pro- 
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fessor LE Roy: The present state of mathematical philosophy, 
and its relations with the philosophy of intuition, two hours. 


Proressor M. Frécuet, of the Sorbonne, has been ap- 
pointed professor of mathematics in the reconstituted Uni- 
versity of Strassbourg. During the summer semester of the 
present year (April 15-July 30) he will lecture on General 
Analysis (Cacul fonctionnel). The lectures will be in French, 
but Professor Fréchet offers to discuss them in English with 
any English-speaking students who wish to avail themselves 
of the opportunity. 


THE University of Frankfort has conferred an honorary 
doctorate on Professor L. KONIGSBERGER, of the University 
of Heidelberg. 


Dr. V. GEILEN has been appointed docent in mathematics 
at the University of Miinster. 


Proressor Orro SraupeE, of the University of Rostock, 
has been chosen rector for the year 1918-19. 


Dr. V. GriLuieR, of the University of Biel, has been ap- 
pointed professor of mathematics at the University of Bern. 


Proressor M. Noetuer, of the University of Erlangen, 
has retired from active teaching, after forty-six years of serv- 
ice. 


Tue Royal Society of London has awarded its Copley 
medal to Professor H. A. LoRENTz, of the University of Ley- 
den, for his work in mathematical physics. 


Proressor W. Foorp-KeE tcey, of the Royal military acad- 
emy, has been appointed Officer of the Order of the British 
Empire, for services in connection with the war. 


Tue Rumford Committee of the American Academy of 
Arts and Sciences has voted the sum of $500.00 to Professor 
A. G. Wesster, of Clark University, in aid of his researches 
in pyrodynamics and practical interior ballistics. 


THE committee recently organized to establish a suitable 
memorial of the late Professor Maxime BOcHER requests that 
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subscriptions to the memorial fund be sent to the treasurer of 
the committee, Professor J. H. TANNER, Cornell University, 
Ithaca, N. Y. Contributors are invited to express their views 
and wishes in regard to the use which should be made of the 
fund. 


At the University of Manitoba, Dr. H. R. Kineston has 
been promoted to an assistant professorship of mathematics. 
Assistant professor L. A. H. Warren has been appointed act- 
ing professor of mathematics and astronomy, in the absence 
of Professor N. B. MacLean, who is major in the Canadian 
artillery service in France. 


Proressor E. R. Heprick, of the University of Missouri, 
has recently sailed for France, where he is to take charge of 
the mathematical work for American soldiers in the Y. M. 
C. A. system. 


Dr. L. R. Forp and Mr. R. S. Tucker have been ap- 
pointed instructors in mathematics at Harvard University. 


At Cornell University, Mr. P. A. FratercH, who was sta- 
tioned at Aberdeen proving ground, has returned to his in- 
structorship in mathematics. Mr. H. L. Smrrs, who was under 
Major F. R. Movutron in Washington, and Mrs. HELEN B. 
Owens have been appointed instructors in mathematics. 


Mr. L. E. ArMstRoNG, of Stevens Institute of Technology, 
has been promoted to an assistant professorship of mathe- 
matics. 


Mr. J. W. Batpwin, of Michigan State Normal College, 
has been appointed instructor in mathematics in Detroit 
Junior College. 


Proressor D. A. Rorurock, of Indiana University, was 
recently elected a member of the State Legislature. He is 
relieved of duties at the University during the legislative ses- 
sion to begin in January. 


Mr. F. S. Now1an, of Bowdoin College, has been promoted 
to an assistant professorship of mathematics. 
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At Brown University, Mr. T. A. CoRNELL and Mr. W. R. 
BurwELL have been appointed instructors and Dr. A. B. 
Frize.t lecturer in mathematics. Mr. C. R. Apams has re- 
signed his instructorship to accept the Grand Army fellowship. 


Dr. Tosras Dantzig and Dr. G. A. Preirrer have been 
appointed instructors in mathematics at Columbia University. 


At the University of Minnesota, Dr. C. H. YEaton has 
been appointed instructor in mathematics. Professor G. N. 
BavER is on leave of absence, and Professor H. L. Stosrn has 
resigned. 


Mr. R. M. Martuews, of the Junior College, Riverside, 
Cal., has resigned to enter secondary teaching. 


Mr. Artour Ramsey, of Grove City College, has been 
promoted to an assistant professorship of mathematics. 


At Northwestern University, the following new instructors 
in mathematics have been appointed: Miss Jessica M. 
Youne, Mr. T. Dott, Dr. M. G. Smita, and Mr. P. E. HEMKE. 


At Wesleyan University, Mr. C. L. Srearns has been 
appointed instructor in mathematics and assistant in the Van 
Vleck observatory. 


Proressor G. MitHavp, of the University of Paris, well 
known for his writings on the history and philosophy of Greek 
mathematics, died October 1, 1918, at the age of sixty years. 


Proressor F. Danrets, of the University of Fribourg, 
Switzerland, died November 16, 1918, at the age of fifty- 
eight years. 


Proresscr Unisse Dint, of the R. Scuole Normale Super- 
iore of Pisa, and editor of the Annali di Matematica, died 
October 28, 1918, at the age of seventy-three years. 


Proressor L. M. Sytow, of the University of Christiania, 
died September 7, 1918, at the age of eighty-five years. 
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Proressor E. Lampe, of the technical school at Berlin, 
died September 4, 1918, at the age of seventy-eight years. He 
was an editor of the Jahrbuch iiber die Fortschritte der Mathe- 
matik and of the Archiv der Mathematik und Physik. 


Proressor P. von SCHAEWEN died April 28, 1918, at the 
age of seventy-one years. 


The death is announced of Commander A. N. SKINNER, 
U. S. N., retired, professor of mathematics at the U. S. Naval 
Academy from 1898 to 1907. 


Dr. Paut Carus, for many years editor of the Monist and 
the Open Court, died at La Salle, Ill., on February 11, 1919. 


Dr. G. M. Green, of Harvard University, author of 
numerous memoirs in projective differential geometry, died 
January 24, 1919, at the age of twenty-seven years. He had 
been a member of the American Mathematical Society since 
1913. 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


Bresersacn (L.). Differentialrechnung. Leitfaden fiir den mathema- 
und technischen Hochschulunterricht. Leipzig, 


BreEnNDEL (M.). See Gauze (A.). 


CaratTHtopory (C.). Vorlesungen iiber reelle Funktionen. Leipzig, 
Teubner, 1918. M. 30.00 


Dirck (W.). Nichteuklidische Geometrie in der Kugelebene. (Mathe- 
matisch-physikalische Bibliothek, Band 31.) Leipzig, 


Frick (H.). Ueber den Zusammenhang der Perioden tischer For- 
men positiver Determinante mit der Zerlegung einer in die Summe 
(Diss., Eidgenéss. Technische Hochschule.) Ziir- 
ic 

(A.) und (P.). Materialien fir eine wissenschaftliche 
Biographie von Gauss. Gesammelt von F. Klein, M. Brendel, und 
L. Schlesinger. Heft 4: C. F. Gauss als Zahlenrechner von A. Galle; 
Heft 5: C. F. Gauss als Geometer von P. Stickel. Leipzig, ar 
1918. Gr.8vo. 142 pp. 5.60 

Kuarr (—.). See (—.). 


Kier (F.). See Gauze (A.). 
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Levi (F.). Abelsche Coupe mit abzaihlbaren Elementen. Habilita- 
tionsschrift. Leipzig, Teubner, 1918. 

Luckey (P.). Einfiihrung in die Nomographie. 1ter Teil: Die Funktions- 
leiter. (Mathematisch-physikalische ibliothek, Band 28.) Leipzig, 
Teubner, 1918. M. 1.00 

D’Ovinio (E.). See Scrirr1 MaTemartict. 

ScHLESINGER (L.). See (A.). 


ScHMIEDEBERG (—.), WETZSTEIN (—.) und Kuatr (—.). Die Bedeutung 
des mathematischen und naturwissenschaftlichen Unterrichts fiir die 
Erziehung unserer Jugend. Preisschriften des Vereins zur Férderung 
des mathematischen und naturwissenschaftlichen Unterrichts. Ber- 
lin, Salle, 1917. M. 4.50 

ScHNEDER (R.). Die Beweisfiihrung fiir die Richtigkeit des Fermatschen 
Satzes. Eine mathematische Studie. 2 Bande. Budapest, 1918. 

M.10.00 + 10.00 

Scritt1 Marematict offerti ad Enrico d’Ovidio in occasione del suo LXXV 
genetliaco 11 agosto 1918. Torino, Fratelli Bocca, 1918. 8vo. 16 
+ 386 pp. L. 30.00 


Analytische Geometrie der Ebene. 3te Auflage. Bodin. 

1 

SuicuTer (C.8.). Elementary mathematical analysis. 2d edition. 
York, McGraw-Hill, 1918. 497 pp. $2.50 


(P.). See Gate (A.). 


StnperHavur (—.). Einfiihrung in die héhere Mathematik. 2tes Heft: 
Determinanten. (Beihefte zur Zeitschrift 
zig, Haase, 1918. 64 pp. 2.00 


VEBLEN (O.) and Youne (J. W.). Projective geometry. Volume 2, ay 
O. Veblen. Boston, Ginn, 1918. 8vo. 12+ 511 vp. $5.00 


WETZSTEIN (—.). See ScHMIEDEBERG (—.). 


Wert (H.). Das Kontinuum. Kritische Untersuchungen iiber die 
Grundlagen der Analysis. Leipzig, 1918. M. 4.00 


Youne (J. W.). See VEBLEN (0.). 


II. ELEMENTARY MATHEMATICS. 


Aver (A.). Fiinfstellige Logarithmen. Mit mehreren graphischen Rech- 
entafeln und haufig vorkommenden Zahlwerten. Berlin, 


BEHRENDSEN (O.) und Gérrine (E.). Lehrbuch der Mathematik nach 
modernen Grundsiatzen. Unterstufe. Ausgabe B. Leipzig, Teub- 
ner, 1917. 328 pp. Geb. M. 3.60 


Crantz (P.). Planimetrie. 2te Auflage. (Aus Natur und Geisteswelt, 
Band 340.) Leipzig, 1918. 117 pp. M. 1.50 


Guaser (R.). Sammlung von Aufgaben aus der Stereometrie. (Samm- 
lung Géschen, Nr. 779.) Leipzig, Géschen, 1917. 168 pp. 


Gorttne (E.). See BEHRENDSEN (O.). 
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Jacos (J.), Scuirrner (F.), und Travnitex ). Lehrbuch der Arith- 
metik und Geometrie fiir Gymnasien mn. Wien, 
1917-1918. Arithmetik, von lter Teil: Unterstufe, 

te Al * mid 156 pp.; 2ter Teil, Mittelstufe, 2te A e, 1917, 
77 pp.; Schliissel: Die heorie in Frageform und die tate der 
Aufgaben, 2ter Teil, 1917, 82 pp. Geometrie und Trav- 
nitek, Mittelstufe, bte Auflage, 1918, 221 pp. 

Kr. 3.20 + rie 00 + 3.60 + 4.00 


MarEnncHEN (P.). Geheimnisse der Rechenkiinstler. 2te Auflage. 
(Mathematisch-physikalische Bibliothek, Band 13.) iene Teub- 
ner, 1918. 50 pp. 


Prav (J.). Erste Einfiihrung in die Dreiecksrechenlehre (Tri wat 
auf Grund der natiirlichen Winkelfolgen zum Schul- und Selbstunter- 
richt. Wien, Pichler, 1917. Geh. Kr. 3.60 


Scuirrner (F.). See Jacos (J.). 
Sporer (B.). Niedere Analysis. 2te Auflage. Berlin, 1918. M. 1.00 


TrverpinG (H. E.). Der goldene Schnitt. 
Bibliothek, Band 32.) Leipzig, Teubner, 1918. 1.00 


TRAVNICEK (J.). See Jacos (J.). 


Wonsco (H.). Unterhaltende Rechenstunden. Wien, Gerold, 1918. 
112 pp. Kr. 2.00 


Ill. APPLIED MATHEMATICS. 


Aurens (C.). See LAUENSTEIN (R.). 


ANACKER (K.). Praxis des Flugzeugbaues. Ein Handbuch der Flug- 
technik. 3 Bande. Band 1: Das Flugzeug und sein Aufbau. Ber- 
lin, 1917. M. 6.00 


ASTRONOMISCHER Kalender fiir 1918. 37ter Jahrgang. Wien, Gerold, 
1917. Kr. 6.20 


Barucs (A.). Die Grundlagen unserer Zeitrechnung. (Mathematisch- 
physikalische Bibliothek, Band 29.) Leipzig, Teubner, 1918. M. 1.00 


Brick (H.). Die Telegraphen- und Fernsprechtechnik in ihrer Entwicke- 
lung. (Aus Natur und Geisteswelt, Band 235.) Leipzig, — 
1918. . 1.50 


EnNcYKLopApie der mathematischen Wissenschaften mit Einschluss ihrer 
Anwendungen. Band 6: Geodisie und Geophysik, und Astronomie. 
lter Teil, Abteilung B, Heft 4. Leipzig, Teubner, 1918. M. 6.40 


Exner (F. M.). Dynamische Meteorologie. Leipzig, Teubner, 1917. 
Gr.8vo. 9+ 308pp. Geb. M. 16.50 


FINSTERWALDER (S.). Alte und neue Hilfsmittel der Landesvermessung. 
Festrede. Miinchen, 1918. M. 1.00 


Havser (W.). Die Grundlehren der Statik starrer Korper. 3ter Neu- 
druck. Leipzig, 1918. M. 1.00 


Heenaver (H.). Schulzeichnen auf Grund elementarer Perspektive. 
Leipzig, Teubner, 1918. 9 pp. + 18 Tafeln. M. 5.00 
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HeEnseEInG (R.). Sternbiichlein fiir 1917. Mit einem Beitrag von H. H. 
Kritzinger. Stuttgart, Franckhsche Verlagshandlung, 1917. 7. 
86 pp. Geh. M. 1.00 


Kopre (M.). Die Bahnen der beweglichen Gestirne im Jahre 1918. mr 
Tafel nebst Erklarung. Berlin, Springer, 1918. Geh. M.0 


Krrrzincer (H. H.). See Henseuine (R.). 


LAvENSTEIN (R.). Die 13te Auflage. vol 
C. Ahrens. Leipzig, 1917. M. 5.40 


—. Die Mechanik. 10te Auflage. Bearbeitet von C. Ahrens. Leip- 
zig, 1917. M. 5.40 


——. Die graphische Statik. 13te Auflage. Bearbeitet von C. some. 
Leipzig, 1918. 5.40 


Lecornu (L.). Lamécanique. Les idées et les faits. Paris, 
1918. 16mo. 304 pp. 4.75 


Rose (M. v.). Die optischen Instrumente. (Lupe, Mikroskop, Fern- 
rohr, photographisches Objektiv und ihnen verwandte Instrumente.) 
3te, vermehrte und verbesserte Auflage. Leipzig,1918. 137 pp. nn 


Smperstern (L.). Elements of the electromagnetic theory of light. Lon- 
don, Longmans, 1918. 16mo. 48 pp. 3s. 6d. 


ee (E.). Sur le calcul des objectifs astronomiques de Fraunhofer. 
Paris, Service géographique de l’Armée, 1918. 8vo. 123 pp. 


Usener (H.). Der Kreisel als Richtungsweiser. Seine aati, 


Theorie und Eigenschaften. Miinchen, 1917. 


Weser (E.). Der Weg zur Zeichenkunst. (Aus Natur und Geisteswelt, 
Band 430.) 2te Auflage. Leipzig, Teubner, 1918. 86 pp. M.1 50 


(H.). Karte und Kroki. (Mathematisch-physikalische 
we Ss Band 27.) Leipzig, Teubner, 1917. M.1 
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